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AN OBSTRUCTION FUNCTION TO THE EXISTENCE OF
COMPLEX STRUCTURES
JUN LING
Abstract. We construct a function for almost-complex manifolds. Non-
vanishing of the function for the almost-complex structure implies the almost-
complex structure is not integrable. Therefore the constructed function is an
obstruction for the existence of complex structures from the almost-complex
structure. It is a function, instead of a tensor.
1. Introduction
Given Mn a smooth manifold, an interesting question is that does there exist
any complex manifold structure on Mn that makes Mn a complex manifold? For a
given complex manifold, the underline complex structure gives a canonical almost-
complex structure. In the study of existence or nonexistence of complex manifold
structure for a manifold, one naturally looks at existence of almost-complex struc-
ture first, and should any exists, and check whether or not it can be ”integrated”
to a complex structure.
An almost-complex structure J on smooth manifold Mn is an endomorphism
of the tangent bundle TM with J2 = −1. It is known that if M has an almost-
complex structure, then M has even dimension n and M is orientable. Nijenhuis
tensor NJ for the almost complex structure J is given by the following equation
(1.1) NJ(X,Y ) = [JX, JY ]− J [X, JY ]− J [JX, Y ]− [X,Y ],
for all smooth vector fields X,Y . The celebrated Newlander-Nirenberg theorem [1]
implies that NJ = 0 if and only if J is a canonical almost-complex structure of a
complex manifold. An almost-complex structure J is called integrable if NJ van-
ishes. So in studying existence or nonexistence of complex manifold structure on a
manifold, one often studies existence or nonexistence of integrable almost-complex
structures, or equivalently studies almost-complex structures and the related Ni-
jenhuis tensor vanishing or non-vanishing property.
On the other hand, though it is great that vanishing or non-vanishing Nijenhuis
tensor determines whether the almost-complex structure is integrable or not, it is
hard to check the vanishing status for the manifolds other than spheres, due the
nature of tensor. It would be nice to give some sufficient condition for existence
or to give some obstruction for non-existence, of complex structures. In this paper
we give an obstruction that is a function LJ , instead of a tensor. Non-vanishing
function LJ implies non-vanishing Nijenhuis tensor NJ . To my knowledge, this is
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the first of obstruction ever appeared. That opens a door for the research of non-
existence of complex structures. We construct the obstruction function in Section
2.
2. An function obstruction for the existence of complex structures
We take the convention that we sum on duplicated index in this paper, unless
otherwise stated. Our first result is
Theorem 2.1. If J is an almost-complex structure on a smooth manifold, and if
(2.1) LJ := −∂j(J
i
l J
k
l )∂iJ
j
k .
is not zero at some point of M , Then J is not integrable.
Proof. First take a metric g on the smooth manifold M that always exists. (LJ is
independent of g and is in terms of almost-complex structure itself in simple form).
We define a (4, 0) tensor N(X,Z, Y,W ) by
N(X,Z, Y,W )
:=
1
4
{〈
JNJ
(
NJ(X,Z), Y
)
,W
〉
g
+
〈
JNJ
(
NJ(Y, Z), X
)
,W
〉
g
+
〈
JNJ
(
NJ(X,W ), Y
)
, Z
〉
g
+
〈
JNJ
(
NJ(Y,W ), X
)
, Z
〉
g
}
.
where NJ is the one in (1.1) and 〈·, ··〉g = g(·, ··).
Take the trace of the first argument and the third argument and then take the
trace of the second and the fourth argument at a point to get a number for that
point
gijgklN(εi, εk, εi, εk),
where {εi =
∂
∂xi
}ni=1 is a local frame of local coordinate system {x
ii}ni=1, gij =
g( ∂
∂xi
, ∂
∂xj
), matrix (gij) = (gij)
−1. We write ∂i =
∂
∂xi
, ∇i = ∇ ∂
∂xi
〈·, ··〉g = g(·, ··)
for convenience.
If we can show
(2.2) gijgklN(εi, εk, εi, εk) = LJ
then LJ is constructed from Nijenhuis tensor NJ by contractions. Non-vanishing
function LJ implies non-vanishing tensor NJ since NJ = 0 implies LJ = 0. There-
fore the theorem follows.
We now prove (2.2).
We calculate at a point with normal coordinates. So at the point gij = δij ,
δii = 1, δij = 0 if i 6= j.
Note that N(X,Z,X,Z) =
〈
JNJ
(
NJ(X,Z), X
)
, Z
〉
g
. therefore
Lj := N(ei, ek, ei, ek) =
〈
JN
(
N(ei, ek), ei
)
, ek
〉
g
= N rikN
s
riJ
k
s ,
where Nkij are given by NJ(∂i, ∂j) = N
k
ij∂k. It is easy to see
Nkij = J
k
i (∂pJ
k
j − ∂jJ
k
p )− J
k
j (∂pJ
k
i − ∂iJ
k
p ).
We write Ji := J
j
i ∂j for convenience.
N rikN
s
riJ
k
s
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= {Jpi (∂pJ
r
k − ∂kJ
r
p )− J
p
k (∂pJ
r
i − ∂iJ
r
p )}{J
q
r (∂qJ
s
i − ∂iJ
s
q )− J
q
i (∂qJ
s
r − ∂rJ
s
q )}J
k
s
= {Jks J
p
i (∂pJ
r
k − ∂kJ
r
p )− J
k
s J
p
k (∂pJ
r
i − ∂iJ
r
p )}{J
q
r (∂qJ
s
i − ∂iJ
s
q )− J
q
i (∂qJ
s
r − ∂rJ
s
q )}
= {(Jks J
p
i ∂pJ
r
k−J
k
s J
p
i ∂kJ
r
p )−J
k
s J
p
k (∂pJ
r
i −∂iJ
r
p )}{J
q
r (∂qJ
s
i −∂iJ
s
q )−J
q
i (∂qJ
s
r−∂rJ
s
q )}
= {Jks · JiJ
r
k − J
p
i · JsJ
r
p + ∂sJ
r
i − ∂iJ
r
s }{JrJ
s
i − J
q
r ∂iJ
s
q − JiJ
s
r + J
q
i ∂rJ
s
q }
= {Jks · JiJ
r
k − ∂iJ
r
s − J
p
i · JsJ
r
p + ·∂sJ
r
i }{−JiJ
s
r − J
q
r ∂iJ
s
q + JrJ
s
i + J
q
i ∂rJ
s
q }
= −Jks · JiJ
r
k · JiJ
s
r − J
q
r J
k
s · JiJ
r
k · ∂iJ
s
q + J
k
s · JiJ
r
k · JrJ
s
i + J
q
i J
k
s · JiJ
r
k · ∂rJ
s
q
+JiJ
s
r · ∂iJ
r
s + J
q
r ∂iJ
s
q · ∂iJ
r
s − JrJ
s
i · ∂iJ
r
s − J
q
i ∂rJ
s
q · ∂iJ
r
s
+Jpi · JsJ
r
p · JiJ
s
r + J
q
r J
p
i · JsJ
r
p · ∂iJ
s
q − J
p
i · JsJ
r
p · JrJ
s
i − J
q
i J
p
i · JsJ
r
p · ∂rJ
s
q
−JiJ
s
r · ∂sJ
r
i − J
q
r ∂iJ
s
q · ∂sJ
r
i + JrJ
s
i · ∂sJ
r
i + J
q
i ∂rJ
s
q · ∂sJ
r
i
= −Jks · JiJ
r
k · JiJ
s
r + J
k
s · JiJ
r
k · JrJ
s
i + J
p
i · JsJ
r
p · JiJ
s
r − J
p
i · JsJ
r
p · JrJ
s
i
−JqrJ
k
s ·JiJ
r
k ·∂iJ
s
q +J
q
i J
k
s ·JiJ
r
k ·∂rJ
s
q −JrJ
s
i ·∂iJ
r
s +JiJ
s
r ·∂iJ
r
s +J
q
r J
p
i ·JsJ
r
p ·∂iJ
s
q
−Jqi J
p
i · JsJ
r
p · ∂rJ
s
q − JiJ
s
r · ∂sJ
r
i + JrJ
s
i · ∂sJ
r
i
+Jqr ∂iJ
s
q · ∂iJ
r
s − J
q
i ∂rJ
s
q · ∂iJ
r
s − J
q
r∂iJ
s
q · ∂sJ
r
i + J
q
i ∂rJ
s
q · ∂sJ
r
i .
IV3, meaning the third term of fourth line in the above four lines after =
−Jqr∂iJ
s
q · ∂sJ
r
i = −∂sJ
r
i · ∂iJ
s
q · J
q
r = J
s
q · ∂sJ
r
i · ∂iJ
q
r = JqJ
r
i · ∂iJ
q
r = JjJ
k
i · ∂iJ
j
k .
II3, meaning the third term of fourth line in the four lines after =. Others are
similar.
−JrJ
s
i · ∂iJ
r
s = −JjJ
k
i · ∂iJ
j
k
II3 + IV 3 = 0.
N rikN
s
riJ
k
s
= −Jks · JiJ
r
k · JiJ
s
r + J
k
s · JiJ
r
k · JrJ
s
i + J
p
i · JsJ
r
p · JiJ
s
r − J
p
i · JsJ
r
p · JrJ
s
i
−JqrJ
k
s · JiJ
r
k · ∂iJ
s
q + J
q
i J
k
s · JiJ
r
k · ∂rJ
s
q + II3 + JiJ
s
r · ∂iJ
r
s + J
q
r J
p
i · JsJ
r
p · ∂iJ
s
q
−Jqi J
p
i · JsJ
r
p · ∂rJ
s
q − JiJ
s
r · ∂sJ
r
i + JrJ
s
i · ∂sJ
r
i
+Jqr∂iJ
s
q · ∂iJ
r
s − J
q
i ∂rJ
s
q · ∂iJ
r
s + IV 3 + J
q
i ∂rJ
s
q · ∂sJ
r
i
IV2
−Jqi ∂rJ
s
q · ∂iJ
r
s = J
s
q · ∂rJ
q
i · ∂iJ
r
s = J
s
q · ∂jJ
q
i · ∂iJ
j
s = −J
j
s · ∂jJ
q
i · ∂iJ
s
q
= −JsJ
q
i · ∂iJ
s
q = −JjJ
k
i · ∂iJ
j
k .
II5
Jqr J
p
i · JsJ
r
p · ∂iJ
s
q = −J
p
i J
s
q · JsJ
r
p · ∂iJ
q
r
= −Jpi J
s
q · J
k
s ∂kJ
r
p · ∂iJ
q
r = J
p
i ∂jJ
r
p · ∂iJ
j
r = −J
l
k∂jJ
k
i · ∂iJ
j
l
= Jjl ∂jJ
k
i · ∂iJ
l
k = JlJ
k
i · ∂iJ
l
k = JjJ
k
i · ∂iJ
j
k .
N rikN
s
riJ
k
s
= −Jks · JiJ
r
k · JiJ
s
r + J
k
s · JiJ
r
k · JrJ
s
i + J
p
i · JsJ
r
p · JiJ
s
r − J
p
i · JsJ
r
p · JrJ
s
i
−JqrJ
k
s · JiJ
r
k · ∂iJ
s
q + J
q
i J
k
s · JiJ
r
k · ∂rJ
s
q + II3 + JiJ
s
r · ∂iJ
r
s − J
l
k∂jJ
k
i · ∂iJ
j
l
−Jqi J
p
i · JsJ
r
p · ∂rJ
s
q − JiJ
s
r · ∂sJ
r
i + JrJ
s
i · ∂sJ
r
i
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+Jqr∂iJ
s
q · ∂iJ
r
s − JjJ
k
i · ∂iJ
j
k + IV 3 + J
q
i ∂rJ
s
q · ∂sJ
r
i .
II2
+Jqi J
k
s · JiJ
r
k · ∂rJ
s
q = −J
s
qJ
k
s · JiJ
r
k · ∂rJ
q
i = JiJ
r
k · ∂rJ
k
i = JiJ
k
j · ∂kJ
j
i .
III2
−JiJ
s
r · ∂sJ
r
i = −JiJ
k
j · ∂kJ
j
i .
II2 + III2 = 0.
II5 + IV 2 = 0.
N rikN
s
riJ
k
s
= −Jks · JiJ
r
k · JiJ
s
r + J
k
s · JiJ
r
k · JrJ
s
i + J
p
i · JsJ
r
p · JiJ
s
r − J
p
i · JsJ
r
p · JrJ
s
i
−JqrJ
k
s · JiJ
r
k · ∂iJ
s
q + II2 + II3 + JiJ
s
r · ∂iJ
r
s + II5
−Jqi J
p
i · JsJ
r
p · ∂rJ
s
q + III2 + JrJ
s
i · ∂sJ
r
i
+Jqr∂iJ
s
q · ∂iJ
r
s + IV 2 + IV 3 + J
q
i ∂rJ
s
q · ∂sJ
r
i .
III1
−Jqi J
p
i · JsJ
r
p · ∂rJ
s
q = −J
s
qJ
r
p · JsJ
p
i · ∂rJ
q
i = −J
s
qJ
t
s∂tJ
p
i · J
r
p∂rJ
q
i
= ∂qJ
p
i · JpJ
q
i = JjJ
k
i · ∂kJ
j
i .
II1
−Jqr J
k
s · JiJ
r
k · ∂iJ
s
q = J
s
qJ
k
s · JiJ
r
k · ∂iJ
q
r = −JiJ
k
j · ∂iJ
j
k .
II4
+JiJ
s
r · ∂iJ
r
s = +JiJ
k
j · ∂iJ
j
k .
II1 + II4 = 0.
N rikN
s
riJ
k
s
= −Jks · JiJ
r
k · JiJ
s
r + J
k
s · JiJ
r
k · JrJ
s
i + J
p
i · JsJ
r
p · JiJ
s
r − J
p
i · JsJ
r
p · JrJ
s
i
II1 + II2 + II3 + II4 + II5
JjJ
k
i · ∂kJ
j
i + III2 + JrJ
s
i · ∂sJ
r
i
+Jqr∂iJ
s
q · ∂iJ
r
s + IV 2 + IV 3 + J
q
i ∂rJ
s
q · ∂sJ
r
i .
IV4
+Jqi ∂rJ
s
q · ∂sJ
r
i = −J
r
i ∂rJ
s
q · ∂sJ
q
i = −JiJ
s
q · ∂sJ
q
i = −JiJ
k
j · ∂kJ
j
i .
III3
+JrJ
s
i · ∂sJ
r
i = +JjJ
k
i · ∂kJ
j
i
III1 = III3 = 2JjJ
k
i · ∂kJ
j
i .
N rikN
s
riJ
k
s
= −Jjl · JiJ
k
j · JiJ
l
k + J
j
l · JiJ
k
j · JkJ
l
i + J
l
i · JiJ
k
j · JkJ
j
l − J
l
i · JjJ
k
i · JkJ
j
l
II1 + II2 + II3 + II4 + II5
JjJ
k
i · ∂kJ
j
i + III2 + JjJ
k
i · ∂kJ
j
i
+Jqr∂iJ
s
q · ∂iJ
r
s + IV 2 + IV 3− JiJ
k
j · ∂kJ
j
i .
I3
J li · JiJ
k
j · JkJ
j
l = J
l
i · JiJ
k
j · J
p
k∂pJ
j
l = J
p
k · JiJ
k
j · J
l
i∂pJ
j
l
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= −JpkJ
j
l · JiJ
k
j · ∂pJ
l
i = −J
j
l · JiJ
k
j · J
p
k∂pJ
l
i = −J
j
l · JiJ
k
j · JkJ
l
i .
I2 + I3 = 0.
I4
−J li · JjJ
k
i · JkJ
j
l = −J
l
i · JjJ
k
i · J
p
k∂pJ
j
l = J
j
l · JjJ
k
i · J
p
k∂pJ
l
i
= Jjl · JjJ
k
i · JkJ
l
i = J
j
l · J
p
j ∂pJ
k
i · JkJ
l
i = −JkJ
l
i · ∂lJ
k
i = −JjJ
k
i · ∂kJ
j
i .
I4 + III1 = 0, III1 = III3.
N rikN
s
riJ
k
s
= −Jjl · JiJ
k
j · JiJ
l
k + I2 + I3 + I4
II1 + II2 + II3 + II4 + II5
III1 + III2 + JjJ
k
i · ∂kJ
j
i
+Jqr∂iJ
s
q · ∂iJ
r
s + IV 2 + IV 3− JiJ
k
j · ∂kJ
j
i .
N rikN
s
riJ
k
s
= −Jjl · JiJ
k
j · JiJ
l
k + JjJ
k
i · ∂kJ
j
i + J
j
l ∂iJ
k
j · ∂iJ
l
k − JiJ
k
j · ∂kJ
j
i
= −Jjl · JiJ
k
j · JiJ
l
k + J
j
l ∂iJ
k
j · ∂iJ
l
k + JjJ
k
i · ∂kJ
j
i − JiJ
k
j · ∂kJ
j
i
= Jjl (−JiJ
k
j · JiJ
l
k + ∂iJ
k
j · ∂iJ
l
k) + (JjJ
k
i − JiJ
k
j ) · ∂kJ
j
i .
N rikN
s
riJ
k
s
= −Jjl · JiJ
k
j · JiJ
l
k + J
j
l ∂iJ
k
j · ∂iJ
l
k + JjJ
k
i · ∂kJ
j
i − JiJ
k
j · ∂kJ
j
i
= −Jsl · JpJ
r
s · JpJ
l
r + J
j
l ∂iJ
r
j · ∂iJ
l
r + JpJ
r
s · ∂rJ
p
s − JpJ
r
s · ∂rJ
s
p
= −Jst · J
i
p∂iJ
r
s · J
j
p∂jJ
t
r + J
j
l ∂iJ
r
j · ∂iJ
l
r + J
i
p∂iJ
j
s · ∂jJ
p
s − J
i
p∂iJ
j
s · ∂jJ
s
p
= −Jkt · J
i
p∂iJ
l
k · J
j
p∂jJ
t
l + J
j
l ∂iJ
k
j · ∂iJ
l
k + J
i
p∂iJ
j
k · ∂jJ
p
k − J
i
l ∂iJ
j
k · ∂jJ
k
l
= −Jkt J
i
pJ
j
p · ∂iJ
l
k · ∂jJ
t
l + J
j
l · ∂iJ
k
j · ∂iJ
l
k + J
i
l · ∂iJ
j
k · ∂jJ
l
k − J
i
l · ∂iJ
j
k · ∂jJ
k
l .
N rikN
s
riJ
k
s
= −Jkt J
i
pJ
j
p · ∂iJ
l
k · ∂jJ
t
l + J
j
l · ∂iJ
k
j · ∂iJ
l
k + J
i
l · ∂iJ
j
k · ∂jJ
l
k − J
i
l · ∂iJ
j
k · ∂jJ
k
l
The first term above is zero. In fact,
−Jkt J
i
pJ
j
p · ∂iJ
l
k · ∂jJ
t
l
= −∂i(J
k
t J
i
pJ
j
p · J
l
k · ∂jJ
t
l )
+∂iJ
k
t J
i
pJ
j
p · J
l
k · ∂jJ
t
l
+Jkt ∂iJ
i
pJ
j
p · J
l
k · ∂jJ
t
l
+Jkt J
i
p∂iJ
j
p · J
l
k · ∂jJ
t
l
+Jkt J
i
pJ
j
p · J
l
k · ∂j∂iJ
t
l
= +∂i(J
i
pJ
j
p · ∂jJ
l
l )
+J ipJ
j
p · ∂iJ
k
t · J
l
k · ∂jJ
t
l
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−Jjp · ∂iJ
i
p · ∂jJ
l
l
−J ip · ∂iJ
j
p · ∂jJ
l
l
−J ipJ
j
p · ∂j∂iJ
l
l
= J lkJ
i
pJ
j
p · ∂iJ
k
t · ∂jJ
t
l
−Jkt J
i
pJ
j
p · ∂iJ
l
k · ∂jJ
t
l
= J lkJ
i
pJ
j
p · ∂jJ
t
l · ∂iJ
k
t
= JbaJ
i
pJ
j
p · ∂jJ
c
b · ∂iJ
a
c
= Jkt J
i
pJ
j
p · ∂jJ
l
k · ∂iJ
t
l
= Jkt J
u
p J
v
p · ∂vJ
l
k · ∂uJ
t
l
= Jkt J
v
p J
u
p · ∂vJ
l
k · ∂uJ
t
l
= Jkt J
i
pJ
j
p · ∂iJ
l
k · ∂jJ
t
l
Therefore
−Jkt J
i
pJ
j
p · ∂iJ
l
k · ∂jJ
t
l = J
k
t J
i
pJ
j
p · ∂iJ
l
k · ∂jJ
t
l
−Jkt J
i
pJ
j
p · ∂iJ
l
k · ∂jJ
t
l = 0.
Now
N rikN
s
riJ
k
s
= J il · ∂iJ
j
k · ∂jJ
l
k − J
i
l · ∂iJ
j
k · ∂jJ
k
l
= J il · ∂iJ
j
k · ∂j(J
l
k − J
k
l )
= J il · ∂j(J
l
k − J
k
l ) · ∂iJ
j
k
= ∂j(J
i
l J
l
k − J
i
l J
k
l ) · ∂iJ
j
k − ∂jJ
i
l · (J
l
k − J
k
l ) · ∂iJ
j
k
= ∂j(−δ
i
k − J
i
l J
k
l ) · ∂iJ
j
k − ∂jJ
i
l · J
l
k · ∂iJ
j
k + ∂jJ
i
l · J
k
l · ∂iJ
j
k
The sum of the last two terms is zero, for
∂jJ
i
l · J
k
l · ∂iJ
j
k = ∂iJ
j
k · J
k
l · ∂jJ
i
l
= ∂aJ
b
c · J
c
d · ∂bJ
a
d = ∂jJ
i
l · J
l
k · ∂iJ
j
k .
Therefore
N rikN
s
riJ
k
s = −∂j(J
i
l J
k
l ) · ∂iJ
j
k = LJ

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